This paper investigates properties of convergence of distances of -cyclic contractions on the union of the subsets of an abstract set defining probabilistic metric spaces and Menger probabilistic metric spaces as well as the characterization of Cauchy sequences which converge to the best proximity points. The existence and uniqueness of fixed points and best proximity points of -cyclic contractions defined in induced complete Menger spaces are also discussed in the case when the associate complete metric space is a uniformly convex Banach space. On the other hand, the existence and the uniqueness of fixed points of the -composite mappings restricted to each of the subsets in the cyclic disposal are also investigated and some illustrative examples are given.
Introduction
Fixed point theory in the framework of probabilistic metric spaces [1] [2] [3] [4] is receiving important research attention. See, for instance, [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . On the other hand, Menger probabilistic metric spaces are a special case of the wide class of probabilistic metric spaces which are endowed with a triangular norm [2, 3, 5, 7, 9, 12, 13] . In probabilistic metric spaces, the deterministic notion of distance is considered to be probabilistic in the sense that, given any two points and of a metric space, a measure of the distance between them is a probabilistic metric , ( ), rather than the deterministic distance ( , ), which is interpreted as the probability of the distance between and being less than a real value ( > 0), [3] .
Fixed point theorems in complete Menger probabilistic metric spaces for probabilistic concepts of andcontractions can be found in [2] together with a new notion of contraction, referred to as a (Ψ, )-contraction. Such a contraction was proved to be useful for multivalued mappings while it generalizes the previous concept of -contraction.
On the other hand, 2-cyclic -contractions on intersecting subsets of complete Menger spaces were discussed in [5] for contractions based on control -functions. See also [6] . It was found that fixed points are unique. Also, -contractions in complete probabilistic Menger spaces have been also studied in [9] through the use of altering distances. On the other hand, probabilistic Banach spaces versus fixed point theory were discussed in [8] . The concept of probabilistic complete metric space was adapted to the formalism of Banach spaces defined with norms being defined by triangular functions and under a suitable ordering in the considered space. In parallel, mixed monotone operators in such Banach spaces were discussed while the existence of coupled minimal and maximal fixed points for these operators was analyzed and discussed in detail. Further extensions to contractive mappings in complete fuzzy metric spaces by using generalized distribution functions have been studied in [6, 7] and some references therein. The concept of altering distances was exploited in a very general context to derive fixed point results in [14] , and extended later on in [12] to Menger probabilistic metric spaces. On the other hand, general fixed point 2 Journal of Function Spaces theorems have been very recently obtained in [13] for two new classes of contractive mappings in Menger probabilistic metric spaces. The results have been established for − contractive mappings and for a generalized -type one. It has also to be pointed out that the parallel background literature related to best proximity points and fixed points in cyclic mappings in metric and Banach spaces is exhaustive. See, for instance, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and references therein. Fixed point theory has also been widely applied to stability and equilibrium problems since, even based on intuition, the convergence of trajectory-solutions of differential or difference equations or dynamic systems to a point can be typically associated to the convergence of sequences to fixed points; see, for instance, [27, 29, 30] and references therein, and to ergodic processes [31] .
This paper investigates properties of convergence of distances of -cyclic contractions on the union of the subsets of the abstract set defining the probabilistic metric spaces and the Menger probabilistic metric spaces as well as the characterization of Cauchy sequences which converge to best proximity points. The existence and the uniqueness of fixed points and best proximity points of -cyclic contractions is also discussed in induced complete Menger probabilistic metric spaces in the case that the associate complete metric space is a uniformly convex Banach space. The fixed points of the -composite mappings restricted to each of the subsets in the cyclic framework disposal are also investigated. Finally, some examples are discussed.
Main Results
Denote R + = R 0+ ∪ {0} = { ∈ R : > 0}, R 0+ = { ∈ R : ≥ 0}, Z + = Z 0+ ∪ {0} = { ∈ Z : > 0}, Z 0+ = { ∈ Z : ≥ 0}, and = {1, 2, . . . , }. Denote by L the set of distribution functions : R → [0, 1], which are nondecreasing and left continuous, such that (0) = 0 and sup ∈R ( ) = 1. Let be a nonempty abstract set of elements and let F : × → L be a mapping from × into the set of distribution functions L, which are symmetric functions of elements , for every ( , ) ∈ × . Then, the ordered pair ( , ) is a probabilistic metric space (PM), [1] [2] [3] [4] , if
Note that an interpretation of the PM-space is that F : × → L is a set of distribution functions. A particular distribution function , is a probabilistic metric (or distance) which takes values , ( ), identified with the values of a mapping : R → [0, 1] in the set of all the distribution functions L, so that two points are (probabilistically) identical if the probabilistic metric in-between them gives probabilistic certainty (namely, probability equal to one) for a mutual distance being smaller than any given positive real number.
A Menger PM-space is a triplet ( , , Δ), where ( , ) is a PM-space which satisfies
which is a -norm (or triangular norm) belonging to the set T of -norms which satisfy the properties
A property which is a consequence of the above ones is Δ( , 0) = 0. The probabilistic diameter of a subset of is a function from R 0+ to [0, 1] defined by 0 ( ) = sup < inf , ∈ , ( ) and which is probabilis-
. Note that the diameter of a set refers to the real interval length where the argument of the probabilistic metric is nonzero while the probabilistic diameter is a measure of boundedness or unboundedness of such a set. The (probabilistic) distance in-between the subsets and of defines the argument interval length of zero probability distance in-between points of two subsets and of and it is defined as
The concept of -cyclic contraction in a PM-space is recalled below (see, e.g., [1] [2] [3] [4] [5] [6] ).
Definition 1.
A mapping : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction in a ( , ) PM-space, where are nonempty subsets of with being the distance between the adjacent subsets and +1 , ∀ ∈ ; if ( ) ⊆ +1 , ∀ ∈ and there exists a real constant ∈ [0, 1) such that, for each pair ( , ) ∈ × +1 , ∀ ∈ , the following constraint holds:
equivalently, , ( ) ≥ , ( −1 ( − ) + ); ∀ (> ) ∈ R + , and Definition 3. A sequence { } is a Cauchy sequence in if for any given real constants , ∈ R + , with ∈ (0, 1), there is
Note that if { } ⊂ converges to some ∈ then lim → ∞ , ( ) = 1, ∀ ∈ R + , and, if { } is a Cauchy sequence in , then lim , → ∞ , ( ) = 1, ∀ ∈ R + . A Menger PM-space ( , , Δ) is complete if every Cauchy sequence is convergent in .
Definition 4.
∈ cl and ∈ cl +1 are adjacent best proximity points so that the pair ( , ) ∈ cl × cl +1 is an adjacent pair of best proximity points for any given ∈ if , ( ) = 0; ∈ (−∞, ] and , ( + ) = 1, where
Since : R → [0, 1] is nondecreasing and left continuous with (0) = (0 − ) = 0 then if , are adjacent best proximity points , ( ) = , (
, that is, all subsets ⊂ , ∀ ∈ , pair-wise intersect, so that ⋂ ∈ ̸ = Ø, then all the best proximity points are coincident at a unique fixed point in ⋂ ∈ cl and , ( ) = , (0 + ) = 1 for ∈ R + which implies = = from the first property of the probabilistic space. The subsequent result addresses the fact that the sequences built by iterations through -cyclic contractions : ⋃ ∈ → ⋃ ∈ in complete Menger PM-spaces lead to convergent Cauchy sequences on each of the subsets ⊂ , ∀ ∈ , if such subsets are closed, the limits of the subsequences being in the closures of the subsets of the cyclic disposal in the general case. The convergence points of such subsequences are fixed points of the composite mappings restricted to each one of the subsets , ∀ ∈ , and best proximity points located at each pair of the closures of the adjacent subsets and +1 , ∀ ∈ , and at the sets themselves if the subsets are closed. 
with , ∈ for some ∈ , and, for any given ∈ R + and
are Cauchy sequences; then convergent to adjacent best proximity points, 
It turns out that we can fix the argument of the first left-hand side to + (1 − ) and, correspondingly, its first right-hand side to . In the same way, we can use for both arguments with the corresponding pairs ( +(
and ( ,
and then, for any given ∈ R + and ∈ (0, 1), there is = ( , ) ∈ Z 0+ such that
Hence, property (i) follows. On the other hand, note from property (i) for = and any ∈ ⋃ ∈ that
and that, for any given ∈ R + and ∈ (0, 1), there is 1 =
. Then, one gets from (1), (5), the second and third 4 Journal of Function Spaces conditions of (2) , and the condition Δ( , ) ≥ for each ∈ [0, 1] and , ∈ Z + :
. . .
Then, lim → ∞ , ( + ) ( ) = , (∞) = 1, ∀ ∈ ⋃ ∈ , ∀ ∈ R + since , ( ) is nondecreasing with supremum over ∈ R + equalizing unity. Then, for any given ∈ R + and ∈ (0, 1), there is 0 = 0 ( , ) such that
is a Cauchy sequence which is convergent to a point in cl( ), since ( , , Δ) is complete, if ∈ for any ∈ . Now, if we take , ( ̸ = ) ∈ for some arbitrary given ∈ , one obtains in a similar way that
and then lim → ∞ , ( ) = 1, ∀ ∈ R + . Then, for any given ∈ R + and ∈ (0, 1), there is 1 = 1 ( , ) such that
is a Cauchy sequence, and a subsequence of { } ⊂ ⋃ ∈ , which is convergent to a point in cl( ), since ( , , Δ) is complete. Since { } and { +1 } are convergent to * ∈ cl( ) and * +1 ∈ cl( +1 ) for any ∈ , any ∈ , then one gets by taking into account property (i) that * and * +1 are adjacent best proximity points; that is, * +1 = * . Assume the contrary, so that { } → * ,
, and * +1 ̸ = * for some ∈ and some ∈ so that:
,
and then * , * +1 ( ) = 1 thus * +1 = * , ∀ ∈ ⋃ ∈ , ∀ ∈ . It also turns out that those points are also fixed points of the restricted composite self-map to and, respectively, to +1 since, otherwise, the respective sequences { } and { +1 } would not be convergent. Property (ii) has been proved.
Note that Theorem 5 does not address the uniqueness of the best proximity points in the subsets ⊂ , ∀ ∈ . Their existence is guaranteed in the closures of the subsets since all sequences of the form { }, { +1 } are Cauchy convergent sequences to two respective limits at distance Journal of Function Spaces 5 with probability one allocated in adjacent sets cl and cl +1 for any given initial point ∈ for any ∈ . The subsequent result addresses the existence and the uniqueness of best proximity points if ( , ‖ ‖) is a uniformly convex Banach space and ( , , Δ) is a complete Menger PM-space provided that the subsets ⊂ , ∀ ∈ , are closed and convex.
The following Corollary to Theorem 5 follows for the case when = ⊂ , ∀ ∈ by making = 0. Then, the following property holds: 
with , ∈ , and, for any given ∈ R + and ∈ (0, 1), there is A second main result of the paper and a corresponding corollary for the case when all the subsets of the cyclic disposal coincide follow below.
Theorem 7.
Assume that : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction in a PM-space ( , ), where are nonempty subsets of such that = ( , +1 ), ∀ ∈ , endowed with a probability density function : R → [0, 1] such that , ( ) = 0 for ∈ (−∞, ] and , ( ) = 1 for > for any ( , ) ∈ × +1 , ∀ ∈ . Then, the following properties hold:
Assume, furthermore, that ( , ) ≡ ( , ‖ ‖) is a uniformly convex Banach space under a complete norm-induced metric : × → R 0+ , so that ( , , Δ) is a complete Menger PMspace under the distribution function , ( ) = ( − ( , )), ∀ , ∈ , for any ∈ R subject to
Assume also that the subsets of are closed and convex, ∀ ∈ . Then, the following two further properties hold.
and ∈ +1 for some arbitrarily given ∈ such that
, ( + ) > 1 − for all > ≥ 1 and each given , (< 1) ∈ R + and some 1 = 1 ( , ).
Then, for each given , (< 1) ∈ R + , there exists
, and { } ⊂ +1 are Cauchy sequences for any , ∈ , ∈ +1 , and any given ∈ and then bounded, and convergent to unique fixed points = and = = of the composite mapping restricted to each into itself, ∀ ∈ . Also, and are the unique best proximity points in the adjacent subsets and +1 of , ∀ ∈ .
Proof. Since : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction in a PM-space ( , ), one gets from (4) for any ( , ) ∈ × 
Hence, property (i) has been proved. To prove property (ii), first note that , ( ) = ( − ( , )) = 0, ∀( , ) ∈ × +1 , for any (≤ ) ∈ R since ( − ( , )) ≤ 0 and then , ( ) = (0) = 0 and also , ( ) = ( − ( , )) = 0 for > . We now proceed by contradiction. Assume the contrary. Then, ∃ 0 , 0 (≤ 1) ∈ R + such that, for each ∈ Z 0+ , there are > ≥ for which , ( 0 ) ≤ 1 − 0 . Choose 0 < < 1 such that 0 / > and choose 0 < < min(( 0 / )− , ( )/(1− ( ))). For such an ∈ R + , there is (< 1) ∈ R + and 1 , 2 ∈ Z + such that, since
is a Menger PM-space. Then, if = max ( 1 , 2 ), since are closed and convex, ∀ ∈ , and ( , ‖ ‖) is a uniformly convex (and hence reflexive) Banach space with modulus of convexity ( ) > 0 for > 0 and (⋅) is strictly increasing, one has that, for any , , ∈ , ∈ R + and ∈ [0, 2 ],
and then, for any , ∈ , ∈ +1 and any arbitrary given ∈ ,
and there is 1 > such that the following contradiction is got if { } is not a Cauchy sequence in the Menger PM-space ( , , Δ) so that 
Hence, property (ii) follows. To prove property (iii), note from property (ii) that, for any ∈ and initial points = ∈ , one has that , ( ) > 1 − for > ≥ 0 and some 0 = 0 ( , ) and any , (< 1) ∈ R + , then lim (> ) → ∞ , (0 + ) = 1 so that { } ⊂ is a Cauchy sequence for any ∈ and any ∈ and then bounded, which is convergent to some ∈ since the Menger PM-space ( , , Δ) is complete. For the other two Cauchy sequences, the same proof applies. Since the sequence { } ⊂ is convergent to ∈ (since is closed) then lim → ∞ , (0 + ) = 1. Assume that ̸ = for some ∈ . Then, since { ( +1) } → does not converge to
for such an ∈ , a contradiction. Thus, = , ∀ ∈ . It is now proved by contradiction that = is unique, ∀ ∈ . Assume that = ̸ = = for some ∈ . Then,
which contradicts ̸ = for some ∈ . Thus, the fixed points of the restricted composite mapping to each are all unique, ∀ ∈ . Now, assume that +1 = = +1 , ∀ ∈ , is false; that is, +1 ̸ = for +1 and is some +1 for some ∈ . Then, since : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction in ( , , Δ), one has the following contradiction for some 1 ∈ R + , positive reals:
Then, +1 ̸ = , ∀ ∈ .
Corollary 8. Assume that : → is a contraction in a PM-space ( , ), where
⊂ is nonempty subsets of , endowed with a probability density function : R → [0, 1] such that , ( ) = 0 for ∈ (−∞, 0] and , ( ) = 1 for > 0 for any , ∈ . Then, the following properties hold:
Assume, furthermore, that ( , ) ≡ ( , ‖ ‖) is a uniformly convex Banach space under a complete norm-induced metric
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: × → R 0+ , so that ( , , Δ) is a complete Menger PMspace under the distribution function , ( ) = ( − ( , )), ∀ , ∈ for any ∈ R subject to
Assume also that is closed and convex. Then consider the following.
(ii) Consider sequences { }, { }, { } ⊂ for any , , ∈ such that
, ( ) > 1 − for all > ≥ 1 and each given , (< 1) ∈ R + and some 1 = 1 ( , ).
} is a Cauchy sequence for any ∈ and then bounded, and convergent to a unique fixed point = .
Remark 9. Note that if : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction in ( , ) then the composite mappings from ⋃ ∈ | into , ∀ ∈ , satisfy from (4) for each , ∈ ; ∀ ∈ that:
with = ∈ [0, 1). However, each composite mapping is not, in general, a contraction on each , ∀ ∈ , although any iterated sequences { } ⊂ are Cauchy sequences, ∀ ∈ , in a complete Menger PM-space ( , , Δ).
The following result is a direct consequence of Theorem 7 if the subsets of the cyclic disposal intersect.
Corollary 10. Assume that all the hypothesis of Theorem 7
hold while ⋂ ∈ ̸ = Ø; that is, the sets , ∀ ∈ , are not disjoint. Then, the following properties hold: 
(ii) Consider the sequences { }, { }, { } ⊂ ⋃ ∈ for any , ∈ and ∈ +1 for some arbitrarily given ∈ such that:
, and { } ⊂ +1 are Cauchy sequences for any , ∈ , ∈ +1 , and any given ∈ , then bounded, and convergent to a unique fixed point ∈ ⋂ ∈ of : ⋃ ∈ → ⋃ ∈ and
Proof. The proof of Theorem 7(i) and the fact that the sequences of Theorem 7(iii) are Cauchy sequences are particular cases of Theorem 11 and do not need a proof. Now, assume that two adjacent best proximity points are distinct, namely, +1 ̸ = for some ∈ . Then, in the same way as in the last part of the proof of Theorem 7, one gets the contradiction
together with the parallel contradiction to ̸ = for some ∈ :
Thus, +1 = = , ∀ ∈ , which is in ⋂ ∈ , since ⋂ ∈ is nonempty and closed.
The subsequent result formulates a connection between metric spaces and their induced Menger PM-spaces [3] concerning some basic properties of -cyclic contractions whose contractive condition is defined on the metric space ( , ) rather than on the Menger PM-space. 
for some real constant ∈ [0, 1), where are nonempty subsets of , ∀ ∈ , such that = ( , +1 ), ∀ ∈ .
Then, the following properties hold: Proof. If F : × → is the mapping induced by the metric : × → R 0+ and : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction then there is a real constant ∈ [0, 1) such that
and ( , ) is an induced PM-space by the metric space ( , ). Thus, one gets from (35) in accordance with the definition , ( ) = ( − ( , )), ∀( , ) ∈ ∪ +1 , ∀ ∈ , for any ∈ R, and since : R → R 0+ is nondecreasing and left-continuous and ( , ) ≥ that
∀( , ) ∈ ∪ +1 , ∀ ∈ , ∀ (> ) ∈ R + . Then, by proceeding recursively with (36) since ( ) ⊆ +1 , ∀ ∈ , one gets
In the same way, and since , (
Note from (1) that if ≤ then
so that ( ) = ( − ) = (0) = 0 for ∈ [0, ] and property (i) has been proved. Property (ii) follows if ( , , Δ) is now a Menger PM-space under the triangular norm Δ of the minimum induced by the metric space ( , ). Note that : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction, ( , ‖ ‖) ≡ ( , ) is a uniformly convex Banach space, and then a complete metric space and the subsets of are closed and convex, ∀ ∈ . Thus, from Theorem 7 (see also [4] for the deterministic framework), ( , , Δ) is a complete Menger PM-space under the Δ -norm of the minimum defined by Δ( , ) = min( , ). Then, for any given ∈ R + and ∈ (0, 1) there is = ( , ), , +1 ( + ) ≥ 1 − , , ( + ) ( ) ≥ 1 − , and , ( ) ≥ 1 − , ∀ (> ) ∈ Z 0+ , some unique ∈ , any given ∈ , and ∈ . Thus, { } ⊂ is a Cauchy sequence, then bounded, and convergent to a unique fixed point = of the composite mapping restricted to into itself, ∀ ∈ , while and are the unique best proximity points in the adjacent subsets and +1 of , ∀ ∈ .
Examples
Example 1. Assume that the PM-space ( , ) is induced by a metric space ( , ) and that : ⋃ ∈ → ⋃ ∈ is a -cyclic contraction in ( , ) with contractive constant ∈ (0, 1), then in ( , ) with being the distance in-between adjacent subsets and +1 , ∀ ∈ . If ∈ ⋃ ∈ then for any (> ( , )) ∈ R + and any given ∈ R + and any given ∈ (0, 1),
for all integer ≥ 0 and some integer 0 = 0 ( , ). Since ( , +1 ) ≤ ( ( , ) − ) + , the condition > ( , ) implies that ( ( − ( , ))) ≥ (0 + ) = 1 and then
for some ∈ . If the probability of the distance in-between ∈ and ∈ +1 is less than for some real > ( , ) then the probability of the distance between +ℓ ∈ + and +ℓ+1 ∈ + +1 being less than ( + ) in the PM-space ( , ), for some ∈ − 1∪{0} and any ℓ ∈ Z 0+ , holds for any integer ≥ ln(( − )/ )/| ln |. Such an integer ∈ − 1 ∪ {0} satisfies uniquely the constraints = + + ≤ ( + 1) + − 1 for the given integers ∈ , ∈ Z 0+ ; that is, ≡ − (mod ). The (deterministic) distances ( +ℓ , +ℓ+1 ) ≤ + in the metric space ( , ) for any integer ≥ 0 ≥ ln(( ( , ) − )/ )/| ln | provided that ( , ) > . For any ∈ and some arbitrary given ∈ , the subsequences { } ⊂ and
, which are Cauchy convergent sequences, that is { } → (∈ ) and { +1 } → +1 (∈ +1 ), satisfy the same constraints if Theorem 5) . The points and +1 are adjacent to best proximity points of (being identical and a unique fixed point of if the subsets intersect) and fixed points of the composite map restricted to and of restricted to +1 , respectively. Also, if ( , , Δ) is a complete Menger PM-space, then the subsequences { } ⊂ , and { +1 } ⊂ +1 are Cauchy and convergent sequences. Note that
for all integer ≥ 01 and some integer 01 = 01 ( , ), for any given ∈ R + and ∈ (0, 1). Then,
such that + ≥ ((1 − )/(1 − ))( ( − ) + ) + which holds for ≥ 01 with
This can be refined with Theorem 7(ii) (see (12) ) leading to the particular case for = 1:
implying lim → ∞ , ( +1) ( ) = lim → ∞ , ( ) = 1 and , ( +1) ( ) > 1− , ∀ ∈ R + for any given arbitrary ∈ R + , ∈ (0, 1), all integer ≥ 02 and a sufficiently large integer number 02 = 02 ( ). This implies that the subsequences { } ⊂ , and { +1 } ⊂ +1 are Cauchy and convergent and contained in ( , )-neighborhoods ( , ) = { ∈ :
, ( ) > 1 − } for ≥ 02 which are centred at some = ( ) ∈ cl for = , + 1.
Example 2.
Assume that the PM-space ( , ) is induced by a metric space ( , ) and that { } are possible sequences of -cyclic mappings with : ⋃ ∈ → ⋃ ∈ in ( , ) with an associate sequence of constants { } ∈ (0, ∞) with being the distance in-between adjacent subsets and +1 , ∀ ∈ .
Furthermore, assume that ∈ = ∪ where = { 1 , 2 , . . . , } and = { +1 , +2 , . . . , + } are disjoint and is nonempty. It is assumed that ∈ (0, 0 ) ⊂ (0, 1) for ∈ , with at least one ∈ satisfying ≥ −1 for some prefixed real constant ∈ (0, 1) and ∈ [1, 1 ) for ∈ [ +1 , + ]. Note that there is at least one member of which is also a member of the set of value in (0, ) ⊂ (0, 1). Now, construct sequences { } defined by = −1 for 0 ∈ ⋃ ∈ and all ∈ Z + subject to
equivalently,
Assume that the objective is to construct admissible sequences of cyclic self-mappings of the given class so as to keep a distance 0 ∈ [ , + ] for some prefixed real constant > 1 with guaranteed probability in-between consecutive sequence points of value at least 1 − for some given real constants , ∈ (0, 1). It follows from the theoretical framework that for composite -cyclic mappingŝ: ⋃ ∈ → ⋃ ∈ , ∀ ∈ Z + of the form = ∘̂− 1 for ∈ Z + with contractive constants in the set = { 1 , 2 , . . . , }, that is, of values less than one, one has that lim → ∞ +2 , +1 ( ) = lim → ∞ 1 , 0 ( ) = 1, ∀ (> ) ∈ R + . Thus, there is 0 = 0 ( , ) ∈ Z 0+ such that Then, a composite mappinĝ= ∘̂− 1 for ∈ Z + is built with any sequence { } of -cyclic mappings : ⋃ ∈ → ⋃ ∈ that satisfies the property +2 , +1
( ) > 1 − , ∀ (> ) ∈ R + , ∀ (≥ 0 ), if the following steps are followed for its construction.
(a) are taken with contractive constants in the set for ∈ 0 ∪{0} and some 0 ∈ Z 0+ . Then, 
Note that ∩ = { } so that these two sets intersect; then = ( , ) = 0, : ∪ → ∪ is a 2-cyclic contraction for any real constant ∈ (0, 1), since , ( ) = 1, ∀ ∈ R + , and
for any real ∀ ∈ R + . Thus, ( , , Δ) is a complete Menger PM-space and ∈ ∩ is the unique fixed point of : ∪ → ∪ to which any sequences generated through converge in accordance with Theorem 5. A close example has been discussed in [6] related to a cyclic contraction in a 2-Menger PM-space.
